Abstract. Let H" be the set of all algebraic polynomials whose degree is n and whose zero are all real and lie inside [-1. I]. Then for n even we have (n = 2m)
(\PÁ*))2 » ('</2 + 3/4 + 3/4(" -1)) /"' P,f(x) dx, J-\ J-\ where equality holds iff P"(x) = (1 -x2)"'. If n is an odd positive integer, a similar inequality is valid (see (1.6) below). In the case P" G H" and subject to the condition P"(l) = l.then f(P'(x))2dx n 1 1 £>-+ ■ -I 4 8 8(2« -1) "
where equality holds for P"(x) = ((I + x)/2)".
Let //,, be the set of all polynomials whose degree is n and whose zeros are all real and lie inside [-1,1] . In this work we are concerned with the following theorems of P. Turan [3] , A. K. Varma [4] , and J. Szabadös and A. K. Varma [2] .
Theorem A (P. Turân). Let Pn E //,,; then
( P'"(x) stands for the derivative of P"(x).)
Theorem B (A. K. Varma). Let P" E Hn; then (1.2) lldll,-,.., > (f + 1 + ¿) ll^llL-i.n. " > 13,
Further, if P"(\) = P"(-\) = 0 andn 3= 2, Pn E //", then
where equality holds for Pn(x) = (l -x2)m, n -2m. Remark. Theorem 1 is an improvement over Theorem B in two respects. First, the condition P"(l) = F"(-l) = 0 is not necessary for (1.3) to hold. Secondly, we have precise bounds for n even and for n odd as mentioned in (1.5) and (1.6). Also note that (1.7) is an improvement over (1.4) . A more precise form of Theorem A is due to J. Eröd [1] . 2 . Preliminaries. The following results are known:
where x,, x2,...,xn denote the roots of P"(x) such that
We also note that
3. Some identities. For the proof of Theorem 1 the following identities are needed.
Identity 3.1. Let
and let Pn(x) be any polynomial of degree n having xx, x2,. ■ ■,x" as its roots. Then
dx.
where (3-3) X,=f^Í^7')(V-) A" «(*) A=1 (*-*J Proof. On integrating by parts and using F"(x,) = F"(x") = 0, we obtain 2f\p;(x))2 dx = (x,{(p;(x))2 -pn{x)p;;(x))dx.
x" Jx"
Next, on using (2.2) and (2.4), we obtain (3.4) 2f\p;i{x)fdx = npiM-dx + X0 + f ^Pn(x)P,;(x) dx.
But integrating by parts gives us
From (3.4) and (3.5), (3.2) follows.
Next, we shall prove Identity 3.2. Let P"(x) be any polynomial of degree n having xx, x2,... ,xn as its roots; then By using (2.4) and (3.7) we obtain (3.6). Now, we turn to prove Identity 3.3. Let P"(x) be any polynomial of degree n having xx, x2,... ,x" as its zeros; then (for « = 2m where S0 is defined by (3.7). Further, (3.10) rn__rip:(x)-^i^pn(x)\2dx
Proof. From the definition of In sind using identity (3.2), we have dx.
this proves (3.9) . Similarly from the definition of I'n as given in (3.10), we have
From (3.11) and (3.12), (3.10) follows at once.
■dx.
we obtain \0^(xx -x"y s0.
Therefore (4.4) becomes
Since S0 > 0, m > 1, we have
Jx" (nl)(x, -xj Jx"
On using (4.1), (4.2) and (4.5) we obtain
fPn2(x)dx (In + 1)« r\ 4(n -1) /., (for n > 4) where equality holds when x, = 1, x" = -1. This proves Theorem 1 for « even. For n odd the proof of (1.6) is similar, so we omit the details. Further, for n = 1,2, inequality (1.5) and (1.6) can be easily verified. Proof of Theorem 2. Let P" E Hn, Pn(X) -1, and let the zeros of F"(x) be given by The author is grateful to Professor P. Erdös for some valuable conversation.
